We characterize triangular Ä-orders of finite global dimension in n x n matrix rings over the quotient field of DVR R and obtain a precise upper bound for their global dimension, viz. n -\. We also characterize triangular Ä-orders of highest global dimension.
Introduction.
Throughout R is a discrete valuation ring (DVR) with the unique maximal ideal m, generated by /, and quotient field K. An Rorder A in Mn(K) is an Ä-subalgebra of Mn(K) which is finitely generated as an jR-module and spans Mn{K) over K. A is tiled if A contains n orthogonal idempotents. After a conjugation, if necessary, we may assume that eti g A, where etj are the usual matrix units in Mn(K). Then A is of the form A**(mx"), where Xtj g Z. If Ai3=0 whenever i^j then A is called a triangular Ä-order. We set Q.n = (*x"»)^Mn(K), where (¿¡¡=0 whenever i^j and /Ki3-=í-j otherwise.
The main result of this paper is the following Theorem. Given a triangular R-order in Mn(K), the following are equivalent: (1) gl. dim. A<co, (2) Qnç A, (3) gl. dim. A^« -1.
This result was conjectured by R. B. Tarsey [5] . In the same paper, Tarsey constructs a triangular Ä-order in Mn(K) of global dimension « -1. Hence the bound in our theorem is best possible. We also give a characterization of triangular R-orders of highest global dimension. Using this we construct examples of successive triangular R-orders in Min+1(K) whose global dimensions differ exactly by n. This disproves a conjecture in R. B. Tarsey [5] .
The main results of this paper were announced in [1] . After this paper was completed the author received a preprint of [6] from R. B. Tarsey in which he has independently obtained (1)<=>(2) in the above theorem ; however, his methods yield a bound 2« -4 rather than
The proof of the theorem depends on the following lemmas. Proof.
Well known [3] .
Henceforth, we shall fix a positive integer n and unless stated otherwise, A«= (*»**') will denote a triangular Ä-order in Mn(K); P¡ and J¡ denote the ;'th row of A and its Jacobson radical respectively. We shall always treat Further, if<&&Mg±M then hdA M=hdeAe &M.
Proof. The first part is clear. For part (b) we observe that eAeeA is projective (hence flat) and J<\P, is isomorphic to a right ideal of eAe, therefore 0 -* ^Pi ®eAe eA -> eAe ®eAe eA is exact. Hence <&!FPi<^ijFPÙeA. The last two entries in Pi are equal for l<jí^»-l.
So, (&rPi)eA=Pi.
The first inequality in (c) is clear since eAA is projective. Now, suppose hdA^FM=/<co. Let
be a projective resolution of J^M over eAe. Since eAe is semiperfect and Px, • • • , ^Pn^\ are the only principal projectives of eAe, therefore each jW¿=©3*ri ^Pf", where the kfj are (possibly empty) sets. Clearly,
is a projective resolution of 'StFM over A. Since hdA @&rM=l<ao, therefore &Ml^lm(dl®l)®L for some right A-module L. Since ^Af¡© i=i P^1' and A is semiperfect, therefore by the decomposition theorem where </>,(x) = (x, x) and o¿(x, j)=x-j for ;'=1, 2. Since Jx is not projective, tPy n/>2^iA2l_1P1+P2 and i^21"1/5! nP^Jy, therefore hdA/j = co, contrary to our hypothesis. Hence /l21^l. Similarly, looking at appropriate left A-modules we get ^s,"_i^l.
Lemma 6. (a) lfLln^A, then Q^jSeAe.
(b) If 1^=0 for some I and iff=2U^i ««, '*«« "»£ A «J"n-iS fAfçzM^(K).
Proof.
The first part is clear since Q"_1=eü"e. Now assume Í2"£ A. Proof. Similar to Proposition 1.
We now look at the triangular orders in Mn{K) with global dimension H -1. Proof.
For the "only if" part, we proceed by induction on n. Let w=4.
Since gl. dim. A = 3, therefore by Theorem 1, Xi,¿_i = l for 2^/'^4. By Propositions 1,1' and Theorem 1, gl. dim. eAe=gl. dim. e'Ae'=2. Hence A3 !=2=A4i2, X4 !=2or 3. Butgl. dim. Q4=2 [5] ; so, we must have Xt1=2. Now let «j¡4. Since gl. dim. A=w -1, therefore by Theorem 1 and Propositions 1, 1', gl. dim. eAe=gl. dim. e'Ae'=n-2. Now the induction hypothesis completes the proof. For the "if" part again we put induction on n. The assertion is easily seen to be true for n=A. Now let «^4. By induction hypothesis, we have gl. dim. eAe=«-2. So, Lemma 7 and its proof yield hdA/, = z'-1 for l-^i^n-2, hdA Jn-£n-3 and hdA(J5"/"_1)eA=«-4. Hence, by the exact sequence (*) it is enough to prove that hdA Jn=n-3.
Let M be the right A-module obtained from Pn by replacing the last two entries by -m2. By hypothesis Xnn_2-2-Xnn_i. So the last four entries in M are equal, viz. *n2. Clearly, as in Lemma 3(b), 'S^FM'^M, so by Lemma 3, hdA M=\\dcAe ¿FM^n-3. The last inequality follows by observing that ¿FM is isomorphic to a right ideal of eAe. Repeating this two more times, we get hdA M^n-5.
Clearly M+tPn_l=Jn and Mr\tPn_^{3Fjn_x)eA. By the above, hdA(.FJn_1)eA=n-4. Hence, hd/"=n-3. This completes the proof. Now, we give examples of successive triangular orders in M2nn{K) whose dimensions differ exactly by n. This disproves a conjecture of R. B.
Tarsey [5] . We define two families A2n+] and r2n+1, «^1, of triangular orders in M2n+1(K) such that A2"+1 and r2n+1 are successive, gl. dim. A2n+1 = n and gl. dim. F2n+1 = 2n. By Theorem 2, gl. dim. r2"+1 = 2n. We claim gl. dim. A2n+1=n. Let Pt and J¿ denote the /th row of A2n+1 and its Jacobson radical. Clearly, J1^P2. Hence, hd ^=0. Since (#) tP^ + Pi+1 = f, tPt_, n Pi+1 s /,_, for 2 ^ / ^ », therefore, by induction it follows that hd/¿ = /-1 for 2^i^n. Since tPn+Pn+3=Jn+2, fPn<^Pn+3~Pn+2, therefore hdJ"+a-1. Now observing that (#) holds for n + 3^i^2n, we get, by induction, hdJi = i-n -l for n + 3<i^2n.
Let Mi=tP1+Pi+1 for 2^/^n-1. Clearly fPxn/VuS^-i for 3î^n
-1 and M2=J2. Hence, by induction, hd 7v/¿ = í -1 for 2^/^n-1.
But iA/n"1+ßn+2=/"+1 and tMn_xr\Pn+2^Pn. Therefore, hd/B+1=n-2.
